Most fits of Hawkes processes in financial literature are not statistically significant. Focusing on FX data (EBS limit order book) with 0.1s time resolution, we find that significance is impossible if the event log is incomplete (e.g. best quote changes). Transactions on the other hand can be tracked by analysing the respective volumes of transactions on both sides in each time slice. Assuming a constant exogenous activity rate and using parametric kernels, fits of trade activity satisfy Kolmogorov-Smirnov tests for about an hour, provided that the kernel consists of at least two exponentials; the endogeneity factor does not depend on the time of the day and is about 0.7. Significant fits of a full day can be achieved if one accounts for intra-day variability of exogenous activity, which yields a larger endogeneity factor (0.8). We could not obtain significant fits beyond a single day. Variable seasonalities are major obstacles to fitting FX activity with Hawkes processes accurately and result in larger apparent endogeneity factors and lower statistical significance.
I. INTRODUCTION
Hawkes processes are a natural extension of Poisson processes in which self-excitation causes event clustering [1, 2] . Originally applied to the modeling of earthquake occurrences [3, 4] , they have proven to be useful in many fields such as neuroscience, criminology and social networks modeling [5] [6] [7] [8] [9] . Many types of financial market events such as mid-quotes changes, extreme returns occurrences or orders submissions are clustered in time. The tractability of Hawkes process and the ever-increasing number of estimation methods [10] [11] [12] [13] [14] [15] has made them a standard tool of finance.
In a market microstructure context, Hawkes processes were first introduced by Bowsher [16] , who simultaneously analyzed trades time and mid-quotes changes with a multivariate framework. Two others pioneer approaches are the ones by Bauwens and Hautsch [17] and Hewlett [18] who focused on the durations between transactions. Subsequently, Large [19] supplemented transaction data with limit orders and cancellations data in a ten-variate Hawkes process in order to measure the resilience of an London Stock Exchange order book. Bacry et al. [20] have recently modeled the mid-price change as the difference between two Hawkes processes and showed that the resulting price exhibits microstructure noise and the Epps effect. Jaisson and Rosenbaum [21] established that under a suitable rescaling this model with nearly unstable processes converges to a Heston model. Bacry and Muzy [22] used an enhanced version of the model to account for market impact. Finally, Jedidi and Abergel [23] modeled the full order book with a multivariate Hawkes setup and proved that the resulting price diffuses at large time scales. Remarkably, Hawkes processes are also applied to other financial topics such as VaR estimation [24, 25] , trade-through modeling [26] , portfolio credit risk [27] , or financial contagion across regions [28] and across assets [29] .
It is widely accepted among researchers that only a small fraction of price movements is explained by external news releases. Thus, the price dynamics is mostly driven by internal feedback mechanisms, which corresponds to what Soros calls "market reflexivity" ? ]. In the framework of Hawkes processes, endogeneity comes from self-excitation while the baseline activity rate is deemed exogenous (see Sec. II for a mathematical definition). Recently, two papers [30, 31] used Hawkes processes to quantify the level of endogeneity and exogeneity in the E-mini S&P futures market. These two studies give seemingly contradictory results. Filimonov and Sornette [30] argued that the level of endogeneity has increased steadily in the last decade due to the advent of high-frequency and algorithmic trading. Hardiman et al. [31] showed that it is only the short-term endogeneity that has increased over the years, a Hawkes estimation on longer timescales revealing a very stable index with a value close to one. Interestingly, this value is the critical value at which the process becomes totally self-referential and unstable. Hardiman et al. also made the case against using single exponential self-excitation kernel. On the other hand calibration on very long time periods in [31] might be affected by strong biases [32] .
Our aim is twofold. First, we argue that, ideally, discussing the parameters of fitted Hawkes processes should rest on statistical significance. We thus endeavor to determine the conditions under which this goal may be achieved. The clustering of financial events is of a peculiar nature: the auto-correlation of times between events is slowly decreasing, which is a sign of an unusually long memory. In the framework of Hawkes processes, this means a large endogeneity factor, which is incompatible with a single exponential self-excitation kernel used e.g. in [18, 30] . One the other hand, as we shall see, achieving statistical significance on long time-series is extremely challenging at least with FX data.
Second, we wish to assess the adequacy of Hawkes process for the modeling of trades in liquid foreign exchange markets. Hewlett [18] focuses on the rather illiquid EUR/PLN currency pair; in addition it uses a single-exponential kernel and thus cannot achieve statistical significance. Rambaldi et al. [33] also use EBS data and focus on the dynamics of best quotes around news. Specifically, we fit a univariate Hawkes process to the EUR/USD trades arrivals process. The choice of transaction data over mid or best quotes ones is motivated by the fact the endogeneity parameter is then naturally interpreted as the fraction of trades triggered by other trades. It is also due to the fact our data are recorded as snapshots every 0.1 s (see Sec. III for more details), which prevent the detection of all mid-price changes. On the other hand, trades are readily detected with total signed volume of transactions during a time slice. The fits of one hour of activity yields fits pass Kolmogorov-Smirnov test provided that the self-influence kernel contains at least two exponentials. Remarkably, endogeneity factor of about 0.7 for all hourly slices of the day. Fitting accurately a whole day requires to allow the exogenous activity to vary along the day and yields a slightly larger endogeneity factor of about 0.8 for all days in our data, suggesting the possibility of a larger fitting time period. However, fitting more than a single day severely diminishes the statistical significance because of daily variation of intra-day exogenous activity, seasonalities and limited time resolution.
II. HAWKES PROCESSES AND REFLEXIVITY
An univariate Hawkes process is a linear self-exciting point process with an intensity given by
where µ t is a baseline intensity describing the arrival of exogenous events and the second term is a weighted sum over past events. The kernel φ(t − t i ) describes the impact on the current intensity of a previous event that took place at time t i .
A Hawkes process can be mapped to a branching process, where exogenous "mother" events occurring with intensity µ t can trigger one or more "child" events. In turn, each of these children, can trigger multiple child events (or "grandchild" respectively to the original event), and so on. The quantity n ≡´∞ 0 φ(s)ds controls the size of the endogenously generated families. Indeed, n is the branching ratio of the process, which is defined as the average number of children for any event. Therefore, n quantifies market reflexivity in an elegant way. Three regimes exist depending on the branching ratio value:
• a sub-critical regime (n < 1) where families dies out almost surely,
• the critical regime (n = 1), where one family lives indefinitely without exploding. In the language of Hawkes process, this requires µ = 0 to be properly defined and it is equivalent to Hawkes process without ancestors studied by Brémaud and Massoulié [34] ,
• the explosive regime (n > 1), where a single event triggers an infinite family with a strictly positive probability.
Evaluating n gives a simple measure of the market "distance" to criticality. For n ≤ 1, the process is stationary if µ t is constant. In this case, the branching ratio is also equal to the average proportion of endogenously generated events among all events. A reliable parametric estimation of n is obtained through MLE once a kernel form is specified. The quality of the fits is then assessed on the time-deformed series of durations {θ i }, defined by
whereλ is the estimated intensity and {t i } are the empirical timestamps. If a Hawkes process describes the data correctly, the θ i 's must be independent and exponentially distributed with rate equal to 1. This can be verified visually in QQ-plots and rigorously with Kolmogorov-Smirnov and Ljung-Box tests.
III. DATA

A. Description
In this paper, we restrict ourselves to EUR/USD inter-dealer trading from January 1, 2012 to March 31, 2012. The data comes from EBS, the leading electronic trading platform for this currency pair. A message is recorded every 0.1 s. It contains the highest buying deal price and the lowest selling deal price with the dealt volumes, as well as the total signed volume of trades in the time-slice. Orders on EBS must have a volume multiple of 1 million of the base currency, which is therefore the natural volume unit. This is, to our knowledge, the best data available from EBS in terms of frequency (almost tick by tick) and, above all, of information about traded volumes.
B. Treatment
The data must be filtered to improve the accuracy of fits. The coarse time resolution introduces a spurious discretization of the duration data, as illustrated in Fig. 1 (left plot). To overcome this issue, we added a time shift, uniformly distributed between 0 and 0.1, to trade occurrence times ( Fig. 1, middle plot) .
In addition, one does not always know the number of transactions on one side during a time-slice, only the total signed volumes. When the total signed traded volume (V total ) is equal to the reported trade volume (V report ), only one trade occurred and the only uncertainty is about the exact time of the event. However, when V total > V report , more than one trade occurred. If V total − V report = 1, exactly two trades occurred, one with volume V report and one with volume 1; their respective event time are randomly uniformly drawn during the time slice. Finally, the case V total − V report > 1 (about 8% of the non-empty time-slices) is ambiguous because the extra volume may come from more than one trade and hence may be split in different ways. We tried different schemes: adding no trade, adding one trade, adding a trade per extra million, adding a uniform random number of trades between 1 and V total − V report and using the most probable partition according to the distribution of the volume of unambiguously determined trades. All of them give similar estimated fitting parameters. However, statistical significance is best improved by adding one trade. We therefore apply this procedure in this paper. The distribution of resulting durations are plotted in Fig 1  (right plot) . This simple correction procedure introduces a weak, short-term memory effect. Statistical significance of Hawkes processes concerns both the distribution of the residuals and the auto-correlation of the time-transformed durations must also be tested. Figure 2 (left) plots the linear auto-correlation function of the sequence {θ i }, for a particular day (March 3rd 2012) (other days yield similar results). All the coefficients are almost statistically equal to zero except the at one lag. This negative value is induced by the correction procedure (see Sec. III B) since the same measure performed in raw displays no memory at all (Fig. 2 (right) ). The auto-correlation of the (θ i ) 2 series is however null with the correction procedure. This test therefore shows that the time stamp correction procedure, without which no fit ever passes a Kolmogorov-Smirnov test, is not entirely satisfactory from this point of view. Nevertheless, the side effects are small and most of the auto-correlation of the corrected timestamps is well explained by a Hawkes model. 
IV. PARAMETRIC ESTIMATION
A. Kernel choice
Previous studies advocate the use of exponential or power-law kernels. Here we use a sum of exponentials:
This form has two advantages: first, it is flexible enough to approximate virtually any continuous function; second, it enables a fast computation of the likelihood. Indeed, with a sum of exponentials, a recursive relation for the loglikelihood calculation reduces the computational complexity from O(N 2 ) to O(N ). Satisfying results require M ≥ 2: single exponentials are unable to yield statistically significant fits. However, taking M > 2 fails to improve fits of hourly and daily activity over the case M = 2. This either means that two time scales are enough to describe the arrival of FX trades, or that the sloppiness of such sums prevents precise enough fits [35] . Thus, in the following, we will use M = 2. The branching ratio is then given by:
Using multivariate Hawkes process to fit the arrival and the reciprocal influence of buy and sell trades systematically yields null cross-terms. We therefore focus on buy trades. Results for sell trades are indistinguishable.
B. Intra-day fits
We start by fitting the two-exponential Hawkes process on non-overlapping one-hour time windows. In such short time intervals, the endeogenous activity µ t can be approximated by a constant. These intervals are long enough for obtaining reliable calibrations, at least on active hours during which 1500 events take place on average. We characterize each hourly time-window by averaging the fits over three months. First, let us have a look at goodness of fits results. Fig. 3 (left plot) reports the quantiles of {θ i } for a particular day and hourly window against the exponential theoretical quantiles. The fit is visually very satisfactory. Other time windows of all days yield similar results. Fig. 3 (right plot) demonstrates that all hours of the day pass Kolmogorov-Smirnov test by a large margin. In Fig. 4 (left) , the number of trades displays the well-known intraday pattern of activity in the FX market [36, 37] . The average fitted exogenous part µ perfectly follows the activity pattern ( Fig. 4, right plot) . Remarkably, the endogeneity level is very stable for all hours (Fig. 5) , even though the typical trading activity is 10 times lower during the night (Fig. 4 ). This means that the number of trades triggered by a single "mother" trade is roughly constant throughout the day, which hints at almost constant market self-feedback mechanism. We note however that the endogeneity n 2 that comes from the smallest time scale follows (albeit with a smaller relative change) the daily average activity, which may be a sign of the limits imposed by the coarse time resolution of the data.
C. Whole-day fit
The relative stability of the branching ratio and the high p-values suggest that fits on longer time windows might be significant. As we shall see, this is possible for a full day at a time. In this case, µ cannot be considered constant anymore (see Fig. 4 ). As suggested by Bacry and Muzy [22] , a time-of-the-day dependent background intensity is enough to account for the intraday variation of activity. This method has the advantage of not mixing data from other days like classic detrending methods do. We thus approximate, for each day, µ t by a piecewise linear function with knots at 0am (when the series begin), 5am, 9am, 12pm, 4pm and at the end of the series. The 6 knots values are additional fitting parameters. The fitted values are summarized in Fig. 6 and are in line with the average intraday activity pattern. Figure 7 reports the Kolmogorov-Smirnov p-value for each fitted day. Again, the null hypothesis of exponentially distributed {θ i }, i.e., good fits, cannot be rejected. Fits are however less impressively significant that those of hourly fits case because of additional non-stationarities. On this plot and on all the remaining plots of the section, line breaks correspond to weekends. The QQ-plot (left plot of Fig. 7 ) visually confirms the accuracy of the fit. This shows that univariate Hawkes process with two-exponentials kernels are able to describe a large number of events (around 15000). The total branching ratio ( Fig. 8) is very stable at around 0.8. Even more the branching ratios associated with the two time-scales are also stable. Even though the EBS market is open 24 hours, our results show that the endogenous parts of trading α i τ i are constant throughout a day and has very stable properties from day to day, in contrast to the exogenous trading activity µ t . There is more: the kernel parameters themselves are very stable (Fig. 9 ). The short time-scale τ 2 ∼ 0.16 s, is maybe overestimated due to the limited time-resolution (0.1 s). The long one τ 1 ∼ 22 s, gives us an order of magnitude of the memory in the trading process. As expected, τ 1 is on average larger for daily fits than for hourly fits ( τ 1 hourly 16 s).
D. Multi-day fits
The stability of the kernel fitted parameters, i.e., of both the relative importance of endogenous part and the parameters within the endogenous part strongly suggests that the fitting period may be extended over at least two days. Figure 6 however forewarns that the daily variations of activity at various times of the day are ample, particularly at about 4pm, which is the time of the daily fixing. This also suggests that part of the long memory of activity may come from the daily variations of µ at each knot, which would then solve the paradox that a long memory requires an almost diverging endogeneity if µ is kept constant at each node. We tried to account for the weekly seasonality, to allow the endogeneity to vary slightly between two days, to fit two consecutive days with very similar single-day kernel parameters, kernels with more than two exponentials, power-law kernels, non-parametric kernels, to no avail. It is worth noting however that two-day fits with two exponentials yield average time scales, τ 1 = 22 s, τ 2 = 0.15 s, and branching ratio, n = 0.806, which are very similar to daily values and confirm the sub-criticality of this market during the period under investigation.
V. DISCUSSION AND CONCLUSIONS
The key ingredient for achieving reliable Hawkes process calibration on FX trading data is the use of a kernel with at least two exponentials and a careful consideration of the time-varying background activity. Using a piecewise linear specification of µ t provides accurate fits of single days. Our thorough analysis indicates a highly reflexive, yet sub-critical market (n ∼ 0.8). The four kernel parameters are relatively stable from day to day. We tried to perform fits of two-day periods: they are rejected by the Kolmogorov-Smirnov test but still look good.
In addition to a possible inherent misspecification, two problems crucially undermine the accuracy of fits of Hawkes processes: limited time-resolution and non-stationarities. Obtaining statistically significant fits of periods extending beyond a single day requires improvements on those two fronts. Assuming that no better data is available, one can improve the randomization and correction procedure (Sec. III B). We tried to make the correction of timestamps self-consistent by drawing the time of trades occurring within a 0.1s time slice starting at time t according to the rates determined by a Hawkes process fitted on data up to time t, which did not improve the significance of the fits of any kind. The most problematic issue one faces with FX data has do with the day-to-day large variability of the intra-day pattern. Dropping the constraint of statistically significance and assuming constant intraday pattern inevitably forces the endogenous part of Hawkes processes to include more of the variability, which likely leads to an overestimation of endogeneity [32] . Future work will investigate how specific to FX data our findings are, and how to better incorporate seasonality and day-to-day variations of the intraday activity pattern in order to break the one-day fit barrier.
